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The properties of one-dimensional statistical systems are studied. 
A consistent comparison of the values of the binary correlation func- 

t ion  obtained from the configuration integral and from Bogolyubov 
chain equations in various approximations is presented. The results 
obtained here are discussed briefly. 

The existing methods for studying the behavior of real statistical 
systems are usually based on perturbation theory, and the presence of 
small parameters characterizing the proximity of the system to an 
ideal system is assumed. Strongly interacting systems do not permit 
the isolation of small parameters; therefore, there are no effective 
methods for studying them at present. In this connection, it appears 
to be of interest to turn to one-dimensional systems which enabte the 
investigation to be advanced much further and, in particular, per- 
mit a consideration of the case of strong interaction. Comparison of 
the exact results with approximate results obtained by methods for 
decomposing chains of recurrence equations for correlation functions 
[1] may be regarded as a qualitative criterion of the accuracy of the 
latter. 

Configuration integraIs for one-dimensionalstatistical systems were 
first obtained in reference [2]. Papers have recently appeared in 
which one-dimensional models are studied by methods of the theory 
of stochastic processes [3-6]. 

1. C o n s i d e r  o n e - d i m e n s i o n a l  e q u i l i b r i u m  i s o t h e r -  
m a l  s y s t e m  c o n s i s t i n g  of N p a r t i c l e s  on a s e g m e n t  

of t he  O x - a x i s  of l e n g t h  L.  T he  s t a t i s t i c a l  p r o p e r t i e s  

of t he  s y s t e m  c a n  b e  s t u d i e d  by  t h e  G i b b s  m e t h o d .  
L e t  (p, q) b e  the  s e t  of N m o m e n t a  a n d  N c o o r d i n a t e s  
of the  p a r t i c l e s  in  t h e  s y s t e m .  As  i s  known ,  t h e  d i s -  

t r i b u t i o n  f u n c t i o n  of s u c h  a s y s t e m  i s  of t he  f o r m  
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/ : Z -~ exp (-- l l  (p, q) I I,:T). 

H e r e  H is  t he  h a m i l t o n i a n  of t he  s y s t e m ,  k i s  the  

B o l t z m a n n  c o n s t a n t ,  a n d  T i s  t h e  t e m p e r a t u r e .  The  

c o n s t a n t  Z i s  c a l l e d  t h e  s t a t i s t i c a l  i n t e g r a l  of  t h e  

s y s t e m .  F r o m  t h e  n o r m a l i z a t i o n  c o n d i t i o n  f o r  t he  

d i s t r i b u t i o n  f u n c t i o n  

- :: (~"~/)1 dp :/<:. Z : : l e x p (  kT / 

It  i s  no t  d i f f i c u l t  to  s h o w  t h a t  in  t he  c a s e  u n d e r  

c o n s i d e r a t i o n  

/ m/:'/ '  \ N / 2  Q "r 
z = ~ . , . ; ~ : i , : )  N:(- - -  

L L 

= (~,!/,'1' ~N/.)_ exp ( - -  Qv 
- -  \2.~h:) ~ ! i ' " i  k:i-) d x l " ' ' d x N "  

o o 

(1.1) 

Here m is the particle mass, h is Planck's con- 

stant, and U N the part of the function H depending 

only on the coordinates. Thus, we obtain full in- 

formation on the system if we can calculate QN 

(the configuration integral). 

If the particles are impenetrable, then 

0 ~< :q < x 2 < . . . < ,rN ~< L .  (1.2) 

In the  a p p r o x i m a t i o n  in  w h i c h  o n l y  c l o s e s t  n e i g h -  
b o r s  i n t e r a c t ,  

g N 

( l ~ i ~ N - - 1 )  

H e r e  4, i s  t he  p a r t i c l e  i n t e r a c t i o n  p o t e n t i a l  a n d  

U L i s  t h e  e n e r g y  of i n t e r a c t i o n  w i th  the  wa l l .  If t he  

w a l l  c o n s i s t s  of p a r t i c l e s  of t he  s a m e  n a t u r e ,  t h e n  

UL = r (x~) + q~ (L - -  zN).  

E m p l o y i n g  the  m e t h o d  of r e f e r e n c e  [2], w i t h  t he  
a i d  of t he  L a p l a c e  t r a n s f o r m a t i o n ,  t he  c o n v o l u t i o n  

t h e o r e m ,  and  t h e  m e t h o d  of s t e e p e s t  d e s c e n t ,  we o b -  

t a i n  a n  e x p r e s s i o n  f o r  t h e  c o n f i g u r a t i o n  i n t e g r a l  

QN = eV;~L {q~ (p~)}N+l, 
e ~  

- - f c-5[Pvi~D('v)] d:*'. 

o 

H e r e  p i s  t he  p r e s s u r e .  

L e t  us  t a k e  a m o d e l  of t he  s y s t e m  in  w h i c h  t he  
p a r t i c l e s  a r e  s p h e r e s  of r a d i u s  a ,  i n t e r a c t i n g  w i t h  

e a c h  o t h e r  a c c o r d i n g  to a l aw  d e t e r m i n e d  by  c h o i c e  
of t he  p o t e n t i a l  

( [ x ~ -  xj I) ~ r (I ~, - ~,l) + K ( 1 : , -  ~Jl). 

H e r e  Gel  i s  t h e  p o t e n t i a l  of t he  e l e c t r i c  f o r c e s ,  
w h i c h  we t a k e  in t he  f o r m  

r (x) = ~ (x < a), 

r  [ 7 ( a - -  x)]  ( ~ > ~ ) .  

We t a k e  t he  p o t e n t i a l  K(x) in  t he  f o r m  of a m o d -  
i f i e d  L e n n a r d - J o n e s  p o t e n t i a l  

K ( x )  = cc (x<a) ,  

/ ;  (x) = &o (% / %)~ [(a / x) . . . .  (a / x)~,] (~ > ~). 

Here 6 is the depth of the potential well and co = 
= ~I/(~2 -- ~I). The first  term characterizes the 

close-range repulsion, the second the attraction at 
greater distances. Usually, we take col = 12 and 

~ 2  = 6 [8] .  
Henceforth, we shall express all quantities in 

units of a (a = 1) and introduce for convenience the 

following notation 

= ~ a  (I), Z = ~ ,  ~1 = Zo~ (0)2 / %)~(~176 

According to (1.3), 

,~ (pD = 

(1.3) 

(I .4) 
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oo 

f e x p { - -  [~px + (~/ x) e-X(x-1) -+ ~ (x . . . .  .T.-t~ ] } d x  ~.-~. 

i 

co ~ co t ~llk +n 

Here E v is an exponential integral function of v - t h  
order. In the purely electrostatic case (K = 0) 

r (p~) = (p~)-: exp (--  p~) -}- 

+ ~, (-:)" 
--n-i-- e~'~P"~E'~ (p~ + n7). (1.5) 

We no te  tha t  the  t e r m  p r e c e d i n g  the  s u m  in  (1.5) 
i s  the  r e s u l t  o b t a i n e d  for  so l id  s p h e r e s  [9]. 

F o r  a " r e a l "  gas  @ e l  = 0) 

oo' 
(-~)'~ kL 

qa (ptS) = (piS)-: exp (--  p~l) + ~ ~ ,.+,,,,m (p[8). (1.6) 
m,n~---O 

The p r i m e  m e a n s  tha t  a t e r m  is  l a c k i n g  in the 
s u m  when  m = 0 a n d  n = 0, s i m u l t a n e o u s l y .  

2. Now we s h a l l  c o n s i d e r  the  c o m p u t a t i o n  of the 
b i n a r y  c o r r e l a t i o n  f u n c t i o n  g(x) s t a r t i n g  f r o m  the  
e x p r e s s i o n  (1.3) for  the  c o n f i g u r a t i o n  i n t e g r a l .  Le t  

dW (~, m) = , m  (~) d~ 

oo 

0 

(2.1) 

be the probability of discovering two specific par- 

ticles of the system separated by (m -- i) others. 

obviously, ~ = Ix k -- x k • m I, where k is the number 
of the fixed particle. When m = 1 we find the distri- 

bution of the nearest neighbor, when m = 2, that of 

the second nearest neighbors, etc. We shall assign 

to the configuration integrals of the subsystems 

subscripts which indicate the number of particles 

in the subsystem. SettingS= L --x N_ m, it is not 

d i f f i cu l t  to o b t a i n  

Qra-1 (~) Q (L - -  ~) (2.2)  
*" (~) = ON (L) 

Go ing  o v e r  to the  a s y m p t o t i c  v a l u e s  (N ~ :o, 
L ~ % L / N  ~ l,l i s  a c o n s t a n t )  y i e l d s  

%. (~) = {q) (p~)}-" Q.~_x (~) exp (-- p[3~) (2.3) 

~ (~) -- q)(P[~) when  . . . . .  t i2.4) 

e-V~: : ~{q) (s)) TM e~: ds w h e n m > l .  ~m (~) .... {q~(p~)}m 2~i 

The  i n t e g r a t i o n  pa th  i n c l u d e s  a l l  s t r i p s  of  the  
i n t e g r a n d .  Wi th  on e  p a r t i c l e  f ixed,  the  p r o b a b i l i t y  
of d i s c o v e r i n g  any  o t h e r  p a r t i c l e  a t  a d i s t a n c e  of  
f r o m  x to  x + dx f r o m  t h e  f i r s t  o n e  i s  e q u a l  to 

d W  (:r) L-Ig (x) dx .  (2.5) 

H e r e  g(x) is  the  o n e - d i m e n s i o n a l  a n a l o g  of the  

r a d i a l  d i s t r i b u t i o n  f u n c t i o n .  I t  fo l lows  f r o m  (2.1) and  

(2.5) tha t  

oo 

g ( x )  =: lE  ,~  ix) = 
m ~ l  

- ~ ~ (p~)}-'~ l~ (s)t ~ ds .  (2.~) 

We s h a l l  deno te  the  s u m s  in  (1 .4)-- (1 .6)  by  R(s) .  
As  c a n  be s e e n  f r o m  (2.6), in  o r d e r  to c o m p u t e  g(x), 
we m u s t  f i r s t  f ind the  r e s i d u e s  a t  a l l  po l e s  of the  
f u n c t i o n  

and  t h e n  s u m  o v e r  m .  Mak ing  u s e  of the  r e s i d u e  
t h e o r e m ,  and  c o n s i d e r i n g  on ly  t h o s e  s i n g u l a r i -  
t i e s  t ha t  m a k e  a b a s i c  c o n t r i b u t i o n  to  (2 .6 ) ,  we 
f i n a l l y  get  

g (z) = 0 ( ~ < t ) ,  

e_p3 x m Cx m 
g ix)  - ~ X t ~ • 

[(p (p~)]rn 0 . - - 0 !  
m R =1 

k--1 

x ~ C~ x-: ( , -  x)" [/~m-~ (0)](~-:,-~ 
k = 0  

(x >~ i) .  (2.7) 

H e r e  C a r e  the  b i n o m i a l  c o e f f i c i e n t s  , and  {~ - k 
- 1} d e n o t e s  0 ~ -  k -  1 ) -p le  d i f f e r e n t i a t i o n .  The  
s u m m a t i o n  o v e r  m for  f ixed x i s  e x t e n d e d  to v a l u e s  
of m s a t i s f y i n g  the  i n e q u a l i t y  x > m.  When m = ~ = 
= k + 1 (sol id  n o n i n t e r a c t i n g  s p h e r e s ) ,  we get  the  
r e s u l t  of r e f e r e n c e  [9]. 

3. We s h a l l  now c o m p u t e  the b i n a r y  c o r r e l a t i o n  
f u n c t i o n  g(x), s t a r t i n g  wi th  the c h a i n  e q u a t i o n s  [1, 
10], and  m a k i n g  u se  of the  a p p r o x i m a t i o n s  of r e f -  
e r e n c e  [11]. The K i r k w o o d  h y p o t h e s i s  p e r m i t s  us  
to e x p r e s s  the  t r i p l e t  d i s t r i b u t i o n  f u n c t i o n  as  a s u -  
p e r p o s i t i o n  of b i n a r y  f u n c t i o n s ,  tha t  i s ,  F3(123) = 
= g(12) g(23) g(31).  

We i n t r o d u c e  the  c o r r e l a t i o n  c o e f f i c i e n t s  eij  = 
= gij - -  1 and ,  for  c o n v e n i e n c e ,  o c c a s i o n a l l y  w r i t e  
O = kT  = 1/B. 

Then  we c a n  o b t a i n  the fo l l owing  e q u a t i o n s  for  

0 
I (| + evO ~off:ladxa, 

! 
0 ~ in (1 + er.,) = Fv, --  5- i (i ' e~) e~flZ, d.<~ 

k I F  (x) o,l, (I .: I) 

The  o r d e r  of the  p a r t i c l e s  i s  f ixed ;  t h e r e f o r e  

x13 = X12 + x23. W e  w r i t e  x12 = x,  x23 = y ,  a n d  xta = 
= x + y;  and  o b t a i n  a n  e q u a t i o n  for  d e t e r m i n i n g  e(x) 

O d i n  [i + e (x)] -- F (x) ~ (3.1) 



34 ZH. P R I K L .  MEKH.  I T E K H N .  F I Z .  J U L Y - S E P T E M B E R  1965 

+ ~ - I  F (x + v) ~ (~) (i + ~ (x -,- ~))4,. (a. ,)  
,, ( cont 'd )  

We now m a k e  use  of an a p p r o x i m a t i o n  a n a l o g o u s  
to the  a p p r o x i m a t i o n  of  r e f e r e n c e  [11], 

t l ( t  x , . . )  
zla-- ~" :77 + ~ -  (z,~ > ,'~), 

-, * ( :~_o~) 
- -  ~ - - -  I + (:r=,:: < :,:,.) U'la :r'~2 

By l i n e a r i z i n g  (3.1) and d i f f e r e n t i a t i n g  the  r e -  
su l t  tw ice ,  we ge t  the  o r d i n a r y  d i f f e r e n t i a l  e q u a -  
t ion  

~'~a 
T = 0 ,  (3.2) 

L e t  us c o n s i d e r  s o m e  s p e c i a l  c a s e s .  
1 ~ . L e t  �9 (x) = 1 / x .  Then ,  on the  b a s i s  of  (3.2) 

i~ ~x ~ )  - ~:=: 0. 

T h i s  i m p l i e s  tha t  

g ( . ) = l - - e ( . ) = i - - ( •  

a = ,/,, (, + v + 4u/ 0). (3 .37 

It can  be s e e n  f r o m  (3.3) that ,  un l ike  the  t h r e e -  
d i m e n s i o n a l  c a s e ,  t h e r e  i s  no e x p o n e n t i a l  d e c a y  of  
g(x) wi th  i n c r e a s i n g  x. Th i s  i s  c o n n e c t e d  wi th  the  

l o n g e r - r a n g e  c h a r a c t e r  of  the  f o r c e s  in the  
o n e - d i m e n s i o n a l  c a s e .  

The  p lus  and minus  s i g n s  a r e  a s s o c i a t e d  wi th  
a t t r a c t i o n  and r e p u l s i o n ,  r e s p e c t i v e l y .  

In the  c a s e  of r e p u l s i o n  

{ ~ },  e (x) = e (t) @ C a~e-X(") ~ ~ -  ( - -  l)a bl;c"x("l k! 

. co Xk (*) 

+ E ( - l ?  (3.5) 
1r 

@ = a - -  1 - l 1/-~" 
20)  ' X = --~ -~m x-'/'("+')' 

k 

(;o~ t b ~. l = .  -k-~---T-- f " 

The  c o n s t a n t s  C and ~ (1) m a y  be  d e t e r m i n e d  if  
we  s u b s t i t u t e  x = 1 in to  (3.5) and (3.5) in to  (3.1), and 
c o n s i d e r  the  e x p r e s s i o n s  ob ta ined  in th i s  way  s i m u l -  
t a n e o u s l y .  The  e x p r e s s i o n s  ob t a ined  fo r  C and ~(1) 
a r e  v e r y  c u m b e r s o m e .  

If we t a k e  on ly  the  a t t r a c t i o n  b e t w e e n  p a r t i c l e s  
in to  c o n s i d e r a t i o n ,  the  so lu t ion  of equa t i on  (3.4) is  
of the  f o r m  

.S~/2 KJ f :-~-{CJa (~x)--KISiII(~u)F(~::--I e 0 9  = -V- . . . .  I ) x 

o 

(~ = t/26). 

H e r e  J i s  a c y l i n d r i c a l  func t ion  of the  f i r s t  k ind 
and Y a c y l i n d r i c a l  func t ion  of  the  s e c o n d  k ind .  The  
c o n s t a n t  C is  d e t e r m i n e d  in the  s a m e  way  as  fo r  

(3,5) and is  a g a i n  v e r y  c u m b e r s o m e .  
3*. Le t  (~ (x) -- ( a / x )  exp (--  }Ix). The  so lu t ion  of 

the  l i n e a r i z e d  equa t ion ,  in the  f o r m  of a N e u m a n n  
s e r i e s ,  i s  w r i t t e n  

0,5- 

F i g .  1. F r o m  top to b o t t o m :  a) i dea l  

g a s ;  b) w 2 -- 6 - - a t t r a c t i o n ;  c) s o l i d  
s p h e r e s ;  d) o01 = 1 2 - - r e p u l s i o n ;  

e) w l = l .  

2 ~ Le t  us c o n s i d e r  �9 (x) ~ • x -w.  E q u a t i o n  (3.2) 

t a k e s  the  f o r m  

- .r <~ __-5. ve == 0 ,  •  (~ ~ t  o) ~ 7 )  - - ~ I G ,  ~ = ~ .  ( 3 . 4 )  

- + T [s {~" (t  + . ) }  - -  G (~.~;) I - -  

co co 

' s ) - ~ -  a,, j , 
m ~1 ' 1 

K0 x q_ ~. , K ...... Kin--1 (x, t) Kodt . (3.7) 
1 

Due to the  r a p i d  c o n v e r g e n c e  of  the  s e r i e s  in 
(3.7), the  e x p r e s s i o n  f o r  e(x) e a n b e  r e p r e s e n t e d  
wi th  good a c c u r a c y  in the f o r m  

- -  ~ (Z) = ~  ~ ,  X{/~ 1 ('~X) - -  ]3~1 [~* ( t  4 -  ,~)]} ~ -  0 t  

' 0 "  X 1. 01 X ( - - t )  lc q -  A 
k:=,) (x -E- t)~+1 

H e r e  

A (x) = ~ 
1 
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i s  a r a p i d l y  c o n v e r g i n g  i n t e g r a l  which can  e a s i l y  be 
c a l c u l a t e d  a p p r o x i m a t e l y .  As b e f o r e ,  g (x) = 0 (x < 
< 1) and g(x) = 1 + e(x) (x-> 1). 

4 ~ . In conc lus ion ,  l e t  us c o n s i d e r  the n o n l i n e a r -  
i z ed  equa t ion  for  g(x) in the Ki rkwood a p p r o x i m a -  
t ion.  Tu rn ing  f rom (x) to g(x), we r e w r i t e  (3.1) in 
the  fo rm 

�9 -~x ing(x)  = 

c o  

= ~F(x)  + ~ I  g ( x +  s) [ g ( s ) - -  t ] F ( x +  s) ds 
o 

( [ ~ , (~-yx O) 2 COl) 

(3.9) 

The equa t ion  was so lved  by s u c c e s s i v e  a p p r o x -  
i m a t i o n  with the a id  of a c o m p u t e r .  The s a m e  v a r -  
i a t i ons  w e r e  c o n s i d e r e d  in th is  c a s e  a s  in the l i n -  
e a r i z e d  c a s e .  The c o n v e r g e n c e  of the so lu t ion  was 
i n v e s t i g a t e d  by  the f ixed  point  p r i n c i p l e .  The in -  
v e s t i g a t i o n  showed that  t h e r e  e x i s t s  a r e g i o n  of 
v a l u e s  of the  p a r a m e t e r s  ~, ~ w h e r e  the s u c c e s -  
s ive  a p p r o x i m a t i o n s  c o n v e r g e .  We note that  by  
v i r t u e  of the  f ixed o r d e r  of the p a r t i c l e s ,  the  v a l -  
ue of the i n t e g r a l  in equat ion  (3.9) is  s m a l l e r  than 
in the c o r r e s p o n d i n g  t h r e e - d i m e n s i o n a l  equat ion .  
This  l e a d s  to the l a ck  of a c l e a r l y  e x p r e s s e d  s h o r t -  
r a n g e  o r d e r  in the  s t r u c t u r e  of the s y s t e m  (absence  
of o s c i l l a t i o n s ) ,  tha t  i s ,  the n o n l i n e a r i t y  of the e q u a -  
t ion has  l i t t l e  e f fec t .  

_ _  _ _ _  ] " 

ae zs - , 5  / ~  .... s s  ~.5 

Fig .  2. F r o m  top  to bo t tom:  a) 
c0, = 1 2 ,  l = 2 ;  b) so l id  s p h e r e s  
l = 2 ;  e) o32=6,  l = 2 ;  d) ~o 2 = 6 ,  
l = 2 - - equa t i on  l i n e a r i z e d ;  e) w 1 = 
=12,  l = 8 ; f )  032= 6, l = 8 - - e q u a -  
t ion l i n e a r i z e d ;  g) so l id  s p h e r e s ,  
l = 8 ;  h) o32=6,  / = 8 ; i )  w t =  12, 
l = 8 - - equa t ion  l i n e a r i z e d ;  j) cot = 
= 12, l = 2 - - e q u a t i o n  l i n e a r i z e d .  

4. We have made  a c o n s i s t e n t  c o m p a r i s o n  of the 
b i n a r y  c o r r e l a t i o n  funct ions  of a o n e - d i m e n s i o n a l  
s y s t e m  c a l c u l a t e d  with the a id  of the con f igu ra t i on  
i n t e g r a l  in the n e a r e s t - n e i g h b o r  a p p r o x i m a t i o n  and 
f r o m  cha ins  of equa t ions  for  the c o r r e l a t i o n  func -  
t i ons .  

F i g u r e  1 shows  the c u r v e s  fo r  r  T)  d e t e r -  
mined  in w 1. Curve  1 c o r r e s p o n d s  to an idea l  gas ,  
2 to w 2 = 6 ( a t t r ac t ion ) ,  3 to so l id  s p h e r e s ,  4 to cot = 
= 12 ( r epu l s ion ) ,  and 5 c o r r e s p o n d s  to o31 = 1. D i f f e r -  
ent  po t e n t i a l s  with y # 0 y i e l d  c u r v e s  be tween  2 and 3. 
It can  be  seen  f r o m  F ig .  1 tha t  the  m a x i m u m  r e l a t i v e  
d i v e r g e n c e  of  the  g r a p h s  i s  about  200% f o r  the  l a r g e s t  
p / O .  

12 

3 5 Y 
i 

Fig .  3. F r o m  top  to bo t tom:  
a) o92----6 , l=8 ,  o~/3=0.25;  
b) co2 = 6, l = 8 ,  ~ / 3 = 1 ;  e) 
:02 = 6, 12, 1 = 2 ,  o~fl= 1 ;d)  
co2 = 6 and 12, l =  16, o~/3= 
= 0 .25 ;e )  col= 12, I = 2, o~p = 
= 1 ; f )  ~0 l =  12, l = 8 ,  cxfl= 1; 
g) y = 0 . 5 ,  1=8, G p = 0 . 5 ;  
h) y = 0 . 5 ,  l =  16, c~fl= 1 ; i )  

7 = 0 . 1 ,  1 = 8 ,  o:fl=l. 

F i g u r e  2 shows v a l u e s  of g (x /a )  for  po t e n t i a l s  of 
the  L e n n a r d - J o n e s  type and so l id  s p h e r e s .  Damped  
o s c i l l a t i o n s  of the  c o r r e l a t i o n  funct ions  c a l c u l a t e d  
f r o m  the con f igu ra t i on  i n t e g r a l  can be s een ;  th is  is  
ev idence  of a c l e a r l y  e x p r e s s e d  s h o r t - r a n g e  o r d e r .  
C o m p a r e d  with the t h r e e - d i m e n s i o n a l  model ,  the 
r a d i u s  of the  r e g i o n  of s h o r t - r a n g e  o r d e r  is  s i g n i -  
f i can t ly  g r e a t e r  in the o n e - d i m e n s i o n a l  c a s e .  As the  

a m p l i t u d e  i n c r e a s e s  and the t e m p e r a t u r e  d e c r e a s e s ,  
the  a m p l i t u d e s  of  the  o s c i l l a t i o n s  i n c r e a s e  and the  
r e g i o n  of  o s c i l l a t i o n  o c c u p i e s  a l a r g e r  a r e a .  

/0  

gb ~ ___ 
3 

1 

Fig .  4. (1)--  7 -  0.5, l =  2; (2)--  
Y = 0.1, l = 2 ; (3 ) - -  T = 0.5, l = 4; 
( 4 ) - - so l i d  s p h e r e s ,  l = 8; ( 5 ) - -y  = 
= 0 . 5 ,  1 = 8 ; ( 6 ) - - ~ / = 0 . 1 ,  l = 8 ;  
( 7 ) - +  l / x ,  z = 8; ( s ) - ~  = 0 .5 ,  z =  

= 16. 
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It can be seen  f rom the c u r v e s  in F ig .  3 that  
g (x /a )  c a l c u l a t e d  in the s u p e r p o s i t i o n  a p p r o x i m a -  
t ion g ives  an a s y m p t o t i c a l l y  c o r r e c t  d e s c r i p t i o n  of 
the p r o p e r t i e s  of the s y s t e m ,  d i f f e r ing  m a t e r i a l l y  
f rom the exac t  va lue  c l o s e  to the  bounda ry  of the  
p a r t i c l e .  The l i n e a r i z e d  s u p e r p o s i t i o n  a p p r o x i m a -  
t ion g ives  an even g r e a t e r  d i v e r g e n c e  f rom the 
e x a c t  so lu t ion  at  s m a l l  x / a  and d e s c r i b e s  the a s y m -  
p to t ic  p r o p e r t i e s  wel l .  We note that  the s h a r p n e s s  
of the f i r s t  peak  is connec ted  with the d i scon t inous  
na tu r e  of the po ten t i a l .  F o r  c o m p a r i s o n ,  g (x /a )  for  
so l id  s p h e r e s  c a l c u l a t e d  f rom the c o n f i g u r a t i o n  in -  
t e g r a l  a r e  shown by a dashed  l ine.  

F i g u r e  4 shows g raphs  of g(x/a) for  a p u r e l y  
e l e c t r i c a l  i n t e r ac t i on .  Analogous  c o m p a r i s o n s  a r e  
made .  The s a m e  conc lus ions  can be drawn in r e -  
ga rd  to the g e n e r a l  na tu re  of the bahav io r  of the 
funct ions  as  in the p r e c e d i n g  c a s e .  A l so  p r e s e n t e d  
a r e  g raphs  of g (x /a )  for  the po ten t ia l  whose t h r e e -  
d i m e n s i o n a l  ana logs  a r e  the c o r r e l a t i o n  f u n c t i o n s  
c a l c u l a t e d  in the Debye -Hheke l  a p p r o x i m a t i o n .  

In conclus ion ,  we thank I. G. Kru t ikov  for  g r e a t  
a s s i s t a n c e  in deve lop ing  the method of a p p r o x i m a t e  
ca l cu l a t i on  and in wr i t i ng  the p r o g r a m  for  n u m e r i -  
cal  so lu t ion  of equat ion (3.9). The au thors  a l so  thank 
E. S. Kuznetsov,  S. V. Tyabl ikov,  and V. T. Khozya -  
inov for  d i s c u s s i o n  of the work  and va luab le  c o m -  
men t s .  
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